Abstract: Low Earth orbits (LEO) are known as a region of high space activity and, consequently, space debris highest density. Launcher upper stages and defunct satellites are the largest space debris objects, whose collisions can result in still greater pollution, rendering further space missions in LEO impossible. Thus, space debris remediation is necessary, and the LEO region is a primary target of active debris removal (ADR) projects. However, ADR planning requires at least an approximate idea of the candidate objects' attitude dynamics, which is one of the incentives for our study. This paper is mainly focused on modeling and simulating the attitude dynamics of defunct satellites. We consider a "boxwing" configuration satellite with an ellipsoid of inertia close to an oblate ellipsoid of revolution. The dynamical model takes into account the gravity-gradient torque, the torque due to the residual magnetic moment, and the torque due to eddy currents induced by the interaction of conductive materials with the geomagnetic field. A better understanding of the intermediate phase of the exponential deceleration and existing final regimes is achieved owing to a more accurate model of the eddy-current torque than in most prior research. We also show the importance of orbital precession, which contributes to the overall attitude motion evolution.
Introduction
Space debris problem is gradually becoming more notable in LEO activities. The forecast is that the situation will become worse unless measures are taken to clear the space from the largest and the most dangerous debris objects. Different aspects of active debris removal (ADR) are brought up in Bonnal et al. (2013) . One of the generally accepted ADR scenarios is tugging debris objects to the lower orbits (Aslanov & Yudintsev 2013) , whereupon they burn in the atmosphere or fall to Earth. Most ADR techniques substantially depend on the character of the debris object's rotational dynamics, hence much effort has been spent lately to determine the rotation parameters through ground-based observations (Šilha et al. 2017; Kucharski et al. 2014 Kucharski et al. , 2016 , and at the same time, much attention has been paid to studying space debris rotational dynamics analytically (Praly et al. 2012; Ortiz & Walker 2015; Lin & Zhao 2015) .
According to recent observation data (Šilha et al. 2017 ) there are four types of objects that fall into the category of large space debris -rocket bodies, non-functional spacecrafts, fragmentation debris, and uncorrelated objects discovered during dedicated surveys, the former two types prevailing in numbers. Earlier we had conducted a study of the debris rocket bodies rotational dynamics (Efimov et al. 2017) , and in this paper we shall focus on the defunct satellites. One of the most prominent objects in this class is, beyond doubt, Envisat, a satellite whose fate is closely followed by researchers from the observation side (Kucharski et al. 2014 (Kucharski et al. , 2016 and from the analytical side (Ortiz & Walker 2015) . However, as Envisat is by a wide margin the largest of the debris satellites, it deserves research in its own class, whereas in this study we shall confine ourselves to smaller, yet more representative of the debris satellite population, objects.
The decay of the initial fast rotation of the large space debris objects was studied recently in Praly et al. (2012) , Ortiz & Walker (2015) , and Lin & Zhao (2015) . We reexamine the process, using a more accurate model to simulate the torque due to eddy currents as in Golubkov (1972) and Martynenko (1985) , which holds true for all values of the object's angular velocity. It provides a more thorough description of the attitude motion evolution during the deceleration stage as well as the subsequent transition to final regimes. Also the orbit precession (not taken into account in Praly et al. (2012) or Ortiz & Walker (2015) ) proved to have a significant influence on the properties of space debris rotational motion. One more factor that proved to be of importance in our numeric experiments is the residual magnetic moment, whose presence can produce notable qualitative changes in the variety of the final regimes.
In the second section we present our mathematical model, define all necessary reference frames, provide all the expressions for the torques contributing to the modeled dynamics, and specify the key model parameters. The third section is devoted to the numerical experiment setup and the choice of the initial conditions and parameters instrumental in interpreting the obtained results. Sections four and five present the simulation results and interpretation, the former section dealing with the "exponential deceleration" stage, and the latter with the classification of the final regimes and transitions to these regimes. Finally, section six relates our findings to the situation with the observation data.
Mathematical model

Reference frames
We shall rely on the simplest models to specify the reference frames and to describe Earth's magnetic field, because the physical factors governing the evolution of large debris rotation can be characterized in a fairly approximate manner only. We shall particularly assume the Earth to revolve with a constant velocity ω E about an axis remaining stationary with respect to the inertial space and having a direction given by a unit vector e E . We also consider only circular orbits. The center of mass (CoM) O of the object in question is taken as the origin of the following reference frames:
-body-fixed frame Oxyz, whose axes coincide with the principal axes of inertia; -semi-orbital reference frame OXYZ, whose OZ is parallel to the vector from the Earth's center to the ascending node, OX is directed along the object's center of mass velocity as it passes the ascending node, and OY is perpendicular to the orbital plane ( Figure 1 ).
Both reference frames are Cartesian and right-handed. 
Equations of motion
The Earth's oblateness causes the orbit's precession with angular velocity
where R O and i are radius and inclination of the orbit, R E = 6378.245 km is the Earth's mean equatorial radius, µ G = 3.986 · 10 5 km 3 /s 2 is the gravity parameter of the Earth, and J 2 = 1.082626 · 10 −3 is the first zonal harmonic coefficient in the expansion of the Earth's gravity field. The argument of latitude u is a linear function of time:
where ω D = 2π/T D and T D is the draconic period of an object's revolution around the Earth (the time between two consecutive passages through the ascending node). Employing the formula for draconic period we obtain:
where ω 0 is the orbital angular velocity for the circular orbit of radius R O in the central gravity field with parameter µ G . The rotational dynamics is described by the Euler's equations for a rigid body:
where J O is the inertia tensor, ω B is the object's angular velocity in the body frame, and M O is the vector sum of all torques acting on the object. As in prior research (Praly et al. 2012; Ortiz & Walker 2015; Lin & Zhao 2015) when modeling the rotational dynamics with respect to object's center of mass, we shall take into account the gravity-gradient torque M G and the torque due to eddy currents M EC . It turns out, however, that the residual magnetic moment, given the values it achieves for the considered class of objects (up to 10-20 A · m 2 according to Pourtau & Terral 2005) , can also contribute to the rotational dynamics evolution. Hence it will also be included into the right-hand side of (2). The expressions for all the torques contributing to the modeled dynamics are given below. The model is completed by the Poisson's kinematic equationq
where q is the object's attitude quaternion, relating the body frame to the inertial frame.
Gravity-gradient torque
The gravity-gradient torque is given by the formula (Beletsky 1975) :
where R O is the vector from the center of the gravity field to the body's center of mass (in our case
Magnetic torque
The torque acting upon a body with the residual magnetic moment µ in the Earth's magnetic field B is (Shrivastava & Modi 1985 )
The geomagnetic field is modeled as a field of dipole placed into the center of the Earth:
where µ 0 ≈ 1.257·10 −6 N·A −2 is the vacuum magnetic permeability, µ E ≈ 7.94 · 10 22 A·m 2 is the Earth's magnetic dipole moment, and k E is the dipole direction. We shall employ the tilted dipole approximation with the Earthcentered dipole making an angle δ ≈ 11 ∘ with the Earth's rotation axis.
Eddy-current torque
General formula for the eddy-current torque acting on a conductive body that moves in a magnetic field can be written as follows (Golubkov 1972; Martynenko 1985) :
Here S is a magnetic tensor of a body, defined by its geometry and materials' properties. The terms (v, ∇)B andḂ are related to the orbital motion of the body and the Earth's rotation. These terms are often neglected (Praly et al. 2012; Ortiz & Walker 2015) , being small for fast rotations in comparison with ω × B. However, at the final stages of rotational motion evolution the angular velocity of a body is comparable to the orbital angular velocity and these terms must not be overlooked during the analysis.
Model parameters
Let us consider a "typical" debris satellite of a "box-wing" design ( The key model parameters determining the rotational dynamics are the inertia and magnetic tensors. The inertia tensor for a satellite with the specified dimensions and mass is assumed to be
We shall now estimate the magnetic tensor of such satellite. The simplest way to do so is to scale the known magnetic tensor of Envisat (Ortiz & Walker 2015) , which is close to spherical with components ≈ 10 6 S · m 4 .
Approximating a satellite by a thin-walled conductive shell of constant thickness, one finds that magnetic tensor components scale as r 4 . Let V be the volume of the satellite body, then using r = V 1/3 as a characteristic linear dimension for both Envisat and the modeled satellite, we obtain
The tensor itself is also considered to be close to spherical. Alternatively, the characteristic values of the tensor components can be estimated under the assumption of proportionality of the magnetic tensor and the tensor of inertia, which approximately holds in the general case. Then S ∝ m · r 2 ∝ r 5 , which yields S 2 ≈ 111 · 10 3 S · m 4 ≈ 2S 0 .
These two results give an approximate understanding of the range in which the realistic values of the modeled satellite magnetic tensor components can lie. More accurate estimates require a much finer specification of the satellite design. Therefore, we shall use both these values S 0 and 2S 0 of magnetic tensor components in all subsequent simulations, covering the whole range of different possible satellite designs.
The assumption of a nearly spherical magnetic tensor may seem crude, however, it perfectly suits our purposes of the qualitative analysis. Furthermore, the general case of non-spherical magnetic tensors is addressed in Efimov et al. (2018) . It turns out that the averaged equations, which describe all attitude motion evolution stages essentially influenced by the choice of magnetic tensor, contain only two independent combinations of magnetic tensor coefficients (let their ratio be denoted by λ). Hence, the general case turns out to be equivalent to the case of axisymmetric tensor. Moreover, the dependence of all evolution properties on non-sphericity parameter λ is of logarithmic nature. Combining it with the fact, that typically λ is not larger than 2, we may conclude, that the qualitative effects in all particularly significant cases remain the same as for spherical magnetic tensor.
Discussion of other factors
There are, of course, other factors that may contribute to the rotational dynamics in the LEO environment, although they are left out of our simulations. The two most crucial environmental torques after the ones we have mentioned earlier are known to be caused by the solar radiation pressure (including Earth's albedo and IR emission) and the residual atmosphere pressure. For brevity we will omit here the well known formulae for these torques (see e.g. Shrivastava & Modi 1985) . Our estimates show that for altitudes of 600-800 km characteristic for Sunsynchronous orbit (SSO) each of these torques does not exceed 500 · 10 −6 N · m. The atmospheric drag torque estimate is obtained for the highest possible atmospheric density for the given altitude range (in the period of both longterm and short-term highest solar activity) and the maximum possible exposure of the chosen "typical" satellite to the drag force. Likewise, the solar pressure torque estimate is calculated for the maximum exposure of the "typical" satellite to the Sun and the greatest possible reflectivity coefficient. The distance from the center of pressure to the center of mass is in both cases assumed to be 1 m. Similar figures for the solar pressure torque can be derived from the solar pressure force components calculated in Kucharski et al. (2017) for the TOPEX/Poseidon satellite, which is a little larger than the "typical" satellite we consider -a maximum of 228 · 10 −6 N for the direct solar radiation force component, 29·10 −6 N for the force component caused by the Earth's albedo, and 17 · 10 −6 N for the force component related to the Earth's infrared emission. Given such estimates for the solar pressure and atmospheric drag torques, we shall neglect the influence of these two torques in our simulations, because their maximum value reached at moments which represent the worst case does not exceed the value of the gravity-gradient torque acting on our model satellite, when its minimum inertia axis makes an angle of 5 ∘ with the local vertical.
Thus, these two torques are almost at all times significantly less than the gravity-gradient torque, and the symmetrical design of our model satellite ( Figure 2 ) prevents any noticeable spin-up caused by these torques that the dissipation via eddy currents or deformation in the solar panels cannot compensate. Along with the environmental torques there are also random factors that may affect the attitude dynamics. Among them, for instance, are collisions with micrometeoroids (Sagnières & Sharf 2017) . One can also imagine a situation of a spontaneous battery recharge setting up the work of satellites' reaction wheels. Any such random factors are also deliberately left out from our simulations, although they are alleged to have contributed to a few dead satellites spin-ups.
All in all we presume that our model describes the dynamics of the majority of defunct satellites in nearly polar orbits with altitude of 500-1000 km. It is clear, however, that finer analysis is called for in certain cases, when the motion evolution is affected by factors we left out from our study. Along with the random factors we touched upon in the previous paragraph, our model does not account for the effect of secular acceleration, which has been observed in rotation of some objects (Kudak et al. 2017) .
Numerical Simulation Setup
Angles characterizing a satellite's rotational motion
The key part in the interpretation of the attitude dynamics is played by the angular momentum vector K O . We shall describe the direction of K O using the "conical" angle ρ and "hour" angle σ. The angle ρ is between the angular momentum and the normal to the orbit plane, whereas σ is the angle between the direction towards the orbit's ascending node and K O projection onto the osculating orbit plane (Figure 3 ). We shall also use the following angles:
-angle θ between the axis with the minimal moment of inertia and the angular momentum; -angle δ between the axis with the minimal moment of inertia and the local vertical; -angle δm between local magnetic field induction and satellite's magnetic moment. Similarly to how δ demonstrates the capture into gravitational stabilization, δm can reveal when a satellite becomes captured into rotation synchronous with the magnetic field rotation.
Initial attitude motion
It is generally agreed upon, and is corroborated by our simulations, that the attitude dynamics of a large debris object in LEO -if governed only by the factors present in our model -can be qualitatively divided into three major stages. These stages are the transition to "flat" spin due to internal dissipation, exponential deceleration due to eddy-current torque, and the stage of slow chaotic mo- Figure 3 . Angles describing the angular momentum with respect to the semi-orbital frame.
tion ending up with one of the final regimes that we shall discuss in the following sections. Let us suppose that the modeled satellite is in the state of the fast rotation (ω/ω 0 > 10). Although modern satellites are usually equipped with the attitude control systems and preserve their orientation with respect to either the inertial or orbital reference frame, fast rotations may occur as a consequence of a malfunction, that has lead to the loss of the satellite (as a well known example we can refer to the unexplained fast rotation of Envisat after failure). Since the final stages of attitude dynamics evolution revealed in our simulations are similar to the motion of defunct satellites in the case of dynamically "smooth" loss of control (i.e., without sharp acceleration of rotation), our assumption is not too restrictive.
Most of the large satellites carry extended solar panels. Deformation of these panels as a satellite tumbles in the initial fast rotation stage results in internal dissipation, which causes a decrease in the total kinetic energy, while the angular momentum of the system remains constant. Given the absolute value of the angular momentum, kinetic energy of a rigid body is minimal when the rotation axis is the axis with the greatest moment of inertia, hence internal dissipation always transforms arbitrary rotation into "flat" spin (Efroimsky et al. 2002) . An example of simulation results obtained with a model including the deformable solar panels effect is shown in Figure 4 . The time of initial fast rotation transition to the "flat" spin mode is about one year (for θ(0) ≈ 50 ∘ ). This time is relatively short in comparison with the duration of further attitude motion evolution. For this reason, our numerical calculations will start from the point when the "flat" spin regime has already set in. This choice of initial conditions yields the same qualitative results for the subsequent stages of attitude dynamics evolution without complicating the mathematical model by factors that are significant only for the short transient process at the start. Transition to flat spin can be aided by other dissipative factors as well such as dissipative torque due to eddy currents or interaction of the satellite frame with residual fuel. Lin & Zhao (2015) , for instance, provide an example calculation showing transition of a rocket body to flat rotation regime in half a year solely because of the eddy-current torque.
The initial conditions for each series of simulations correspond to a hundred angular momentum vector directions. To ensure the uniform distribution angles ρ(0) and σ(0) are chosen so that K O is directed towards a spherical Fibonacci point set (Keinert et al. 2015) . The absolute value of the initial angular velocity vector is ω(t 0 ) = 2 deg/s, the modeled satellite is considered to be in the "flat" spin mode (rotation about the axis with the greatest moment of inertia).
Selection of orbits and simulation parameters
Each simulation is characterized by an orbit, a set of simulation parameters, and a set of initial conditions. We carried out numerical experiments for three kinds of nearly polar LEO orbits -retrograde Sun-synchronous orbit (i = 98.3 ∘ ), polar orbit (i = 90 ∘ ), and a prograde orbit (i = 81.7 ∘ ) -all with the same altitude of 770 km.
A set of simulation parameters includes the specific values of the magnetic tensor components (either S 0 = 62.5 · 10 3 S · m 4 or 2S 0 ), the residual magnetic moment absolute value (either µ S = 5 A · m 2 or 2µ S ) and direction with respect to body frame:
where ex, ey, and ez are the unit-vectors of the body-frame axes.
Our primary interest was in studying the SSO, and we conducted the simulations for all possible combinations of µ and S (16 sets of simulations, each set containing 100 initial directions of K O ). To this we added a nearly polar prograde orbit, whose inclination is symmetrical to the inclination of SSO with respect to 90 ∘ and carried out 16 more sets of simulations. Finally, we conducted the same number of simulations for the polar orbit.
Simulation results: Exponential deceleration
Our simulation results pertain to the last two major stages of the overall attitude dynamics out of the three (leaving out the short-term transition from fast rotation to "flat" spin). This section presents the results for the exponential deceleration stage, whereas the final regimes are discussed in the following section. The stage of exponential deceleration governed by the eddy-current torque is almost unaffected by residual magnetic moment and the characteristic times of this stage are determined primarily by magnetic tensor. For magnetic tensor with components S 0 , the duration of this stage is τ ≈ 1400 to 3000 days ≈ 3.7 to 8.2 years,
and for tensor with components 2S 0 :
τ ≈ 700 to 1500 days ≈ 1.9 to 4.1 years.
The exact value in each case depends on the initial direction of the angular momentum vector. An example of the angular velocity to orbital angular velocity ratio ω/ω 0 dynamics is shown in Figure 5 . The angular velocity evolution, which we ascribe to the exponential deceleration stage, takes about 2100 days and its end is marked with an abrupt change in the behavior of ω/ω 0 . The regimes of motion, which set in after the exponential deceleration, substantially depend on the magnitude and direction of the residual magnetic dipole moment with respect to the body-frame. These regimes are described in the following section. The most probable of these regimes is irregular motion, which does not exhibit regular behavior in the simulation interval. Nonetheless, the absolute value of angular velocity in the final regimes does not exceed 3ω 0 ≈ 0.18 deg/s.
During the exponential deceleration stage, the direction of the rotation axis changes under the combined influence of the conservative (gravity-gradient torque and the orbit precession) and dissipative (eddy-current torque) factors, the former giving rise to the periodic motions called Cassini cycles, and the latter being the cause of the Cassini cycles evolution (Efimov et al. 2018 ). The space of ρ and σ initial values can be separated into three regions, according to the type of the angular momentum vector behavior. These regions can be loosely defined by conditions ρ 90 ∘ , ρ ∼ 90 ∘ , and ρ 90 ∘ , and will be referred to as upper, middle and lower regions respectively, because of their positions with respect to the orbital plane and the orbital normal. A detailed description of these regions' geometry and the evolution of the Cassini cycles is provided in Efimov et al. (2018) . There is only one type of evolution for all simulations starting from the upper region, the same is true for the middle region, whereas the initial conditions from the lower region may entail one of the two specific for this region evolution types. This yields a total of four different scenarios of evolution:
1. When starting in the upper region (ρ 90 ∘ ), the angular momentum vector at first leans towards the orbital plane, but afterwards begins to set back towards the orbital normal. This is manifested in the concave shape of ρ vs time plot (Figure 6 ). Such nonmonotonous behavior is governed by the interplay of two factors. The first factor is the dissipative term ω × B in (5), which tends to align the angular momentum vector with orbital plane. The second factor is the influence of the orbital motion on the eddycurrent torque, which is described by term (v, ∇) B in (5) and spins up a satellite about axis Y, thus pulling the angular momentum vector closer to the orbital normal. The dissipative term dominates at first, but when the orbital velocity diminishes to the value approximately 20-30 times larger than the orbital angular velocity, the orbital term starts to have a decisive effect on the angular momentum direction.
The middle region (ρ ∼ 90
∘ ) corresponds to the capture of the angular momentum vector into oscillations about ρ = 90 ∘ (Figure 7 ). Figure 8 shows that the angle σ at the same time oscillates about σ = 270 ∘ for SSO (which should be the case for any other retrograde orbits) or about σ = 90 ∘ for prograde orbits. For nearly polar orbits these values correspond to the approximate directions to the south celestial pole and the north celestial pole respectively. The existence of this scenario and the middle region itself is a direct consequence of the orbital plane precession. 3. In the lower region (ρ 90 ∘ ) both dissipative and orbital terms in the eddy-current torque drive the angular momentum vector towards the orbital plane. Therefore, starting in this region the angular momentum vector monotonously approaches the orbital plane. When crossing the orbital plane, it can be captured into the oscillations similar to those in the second scenario. Overall dependence of ρ(t) will thus have the shape shown in Figure 9 . The capture can also be discerned in the plot of the angle σ vs time ( Figure 
Simulation results: final regimes
Seven qualitatively different types of motion, which settles in the system after the stage of exponential deceleration, are observed in our numerical experiments. The section starts with the three regimes that according to our simulations constitute the whole variety of possible attitude dynamics outcomes in the absence of the residual magnetic moment (µ = 0). A few more final regimes appear as the magnetic moment is added to the model. We shall now briefly describe all these regimes, show the characteristic graphs, and then -at the end of this section -we shall present the statistical distribution of the final regimes in our simulations.
Gravitational stabilization
In this regime, the axis with the smallest moment of inertia is aligned along the local vertical. Thus, the object rotates with the angular velocity ω = ω 0 ≈ 0.06 deg/s about the orbital normal. The graph of the ω/ω 0 is shown in Figure 12. This regime, however, becomes quite rare in the numerical experiments with a non-zero residual magnetic moment, as for chosen values of residual magnetic moment, the magnetic torque in the vast majority of cases dominates over the gravity-gradient torque. The drastically shrinking numbers (less than 1%) of the gravitational stabilization final regimes in the presence of the magnetic torque is an essential difference issuing from comprising the magnetic torque into the model.
On the contrary, in the absence of the residual magnetic moment 155 out of 600 simulations ended up in the gravitational stabilization regime (see Tables 1-2 at the end of this section).
Gravitational tumbling
This is a curious case of the gravitational stabilization regime. In this case the average angular velocity is also close to ω = ω 0 , however, it oscillates about this value with amplitude 0.5ω 0 ≈ 0.03 deg/s instead of being nearly constant (Figure 13-14) . The angles that describe the attitude motion also change quasi-periodically about their mean values. Particularly, the angle θ -between the angular momentum vector and the minimal moment of inertia axis -varies in the range of [70
It is interesting to note that this regime never occurred in our simulations whenever the value of the satellites magnetic moment was not zero. This regime also vanishes from statistics if simulations are carried out with the axial dipole instead of the tilted one. Otherwise, as seen from Tables 1-2 it takes place 32 times out of 600 simulations, which is about 5% of all outcomes.
Eddy-current rotation, resonance 9:5
For slowly rotating objects a combination of the gravitygradient torque and dissipation caused by the eddy currents tends to align the angular momentum vector along the orbital plane normal. Since the change in the angular momentum of a body caused by the eddy-current torque over the time span of one orbital period is very small, the torque in (5) can be averaged along the spin and orbital motion. Hence, one can obtain the equilibrium value of angular velocity ω to orbital angular velocity ω 0 ratio: ω/ω 0 = 9/5 = 1.8. This condition represents the final regime alternative to gravitational stabilization. We have already established that in the simulations without the residual magnetic moment 187 out of 600 experiments ended up with either gravitational stabilization or gravitational tumbling regimes. The other 413 experiments out of these 600 came to the eddy-current rotation mode. The existence of a similar regime has also been indicated in Martynenko (1985) .
It may also be noted, that this final regime cannot occur for objects in geostationary orbit, as they do not move with respect to the Earth's magnetic field and therefore (v, ∇)B =Ḃ = 0 in the equation (5).
In the simulations with the non-zero magnetic moment, the regime is present only when the magnetic moment is directed along the axis with the greatest moment of inertia, appearing in almost 75% of such numeric experiments. The reason behind this is that the axis with the greatest moment of inertia is the initial axis of rotation, due to the transient process in the beginning of the evolution. Consequently, the magnetic torque is perpendicular to the axis of rotation; therefore it does not influence angular velocity value and does not prevent the satellite from being captured into the eddy-current rotation, unless the axis of rotation is significantly altered during the stage of slow chaotic motion. Deviating the satellite's magnetic moment by a small angle 5 ∘ -10 ∘ from the axis with the greatest moment of inertia does not influence the number of occurrences of this regime in the simulations.
Magnetic rotation
In this regime, the satellite rotates synchronously to the geomagnetic field vector in the semi-orbital reference frame. The angular velocity, therefore, is ω = 2ω 0 ≈ 0.12 deg/s and directed along the orbital plane normal. An example evolution of ω/ω 0 is shown in Figure 16 . This regime takes place more often in cases with the magnetic moment directed along axes x and y or for µ||µ d , appearing in more than 60% of these simulations. When the magnetic moment is directed along the axis with the greatest moment of inertia, this regime is replaced by the eddy-current rotation (see Section 5.3).
Magnetic tumbling
This is a rare subcase of the magnetic rotation regime (their relation is similar to that of gravitational stabilization and gravitational tumbling). In this case the average angular velocity is also close to ω = 2ω 0 , however, it oscillates about this value with amplitude 0.5ω 0 ≈ 0.03 deg/s instead of being nearly constant (Figure 17 ). The angles that describe the attitude motion also change quasi-periodically about their mean values. Particularly, the angle θ -between the angular momentum vector and the minimal moment of inertis axis -varies in the range of [10 ∘ , 70 ∘ ]. Thus, the motion in the magnetic tumbling regime is significantly different from "flat rotation" in case of magnetic rotation, and can be considered as an intermediate case between magnetic rotation and chaos, which is to be described in Section 5.6.
Chaotic dynamics
In this scenario the stage of slow chaotic motion following the exponential deceleration does not end in the foreseeable future (20-50 years from the beginning of the simulation), and thus never comes to one of the previously described regimes. Even in cases where motion converges to one of the regular final regimes, the influence of the residual magnetic moment can significantly prolong the stage of slow chaotic motion. E.g., the characteristic duration of the transition from the exponential deceleration stage to a final regime in absence of the magnetic moment is about 2 years, whereas with the magnetic moment directed along axis x it can last for up to 7 years.
The angular velocity during the chaotic motion fluctuates in the range 0 to 3ω 0 ≈ 0.18 deg/s as shown in Figure 18 .
For the specified magnetic moment values, the chaotic motion is very common, as about 30% of all simulations end up with this regime (Tables 3-5 ). There are two cases, however, in which this probability is significantly lower than its average. In experiments with (µ; S) = (µ S ; 2S 0 ) the ratio of dissipative eddy-current torque to magnetic torque reaches its maximum value, which helps to stabilize the motion. Consequently, chaotic motion appears as a final regime in close to 5% of these simulations. Also in the case of the residual magnetic moment being directed along the axis with the greatest moment of inertia, as described earlier, the magnetic torque does not directly oppose the capture in eddy-current rotation and the probability of chaotic final motion is decreased to approximately 10-15%. The opposite worst case is represented by simulation, in which (µ; S) = (2µ y ; S 0 ). Here the dissipation is minimal, the magnetic moment is maximal and directed along the axis with the smallest moment of inertia. As a result, 37 out of 100 experiments (Table 3) It is interesting to note that the possibility of chaotic regimes of motion of a magnetized satellite has long been known to specialists (Beletsky et al. 1999; Li-qun & Yamzhu 2003 ) and yet the observational evidence of such regimes is still lacking.
A few more resonances?
There are also a number of final regimes that cannot be classified as any of the previously discussed and that were observed in the simulations for each of the three orbits we dealt with. The angular velocity in these regimes stabilizes around some constant value (such as 8:5, 9:4, 19:10 or even 41:20) , although this value is neither 1.8ω 0 nor 2ω 0 . Thus, these regimes cannot be identified as either magnetic rotation or eddy-current rotation. They might be some hybrid regimes, governed by the joint effects of eddy currents and torque due to residual magnetization, although the exact mechanism behind it is not clear.
The example of one of such regimes (the one we encountered first and, actually, the one we encountered more frequently than other unidentified final regimes) is given in Figure 19 . As can be seen from the graph ω/ω 0 is stabilized at 1.9. Unlike the cases of the magnetic rotation and eddy-current regimes the angle ρ in this regime does not converge to zero (Figure 20) , and the rotation axis precesses about orbital normal. The angle δm oscillates about 90 ∘ with a large amplitude ( Figure 21 ). 
Final regimes statistics
To sum up what was said in this section we present the statistical distribution of our simulations outcomes over the different final regimes. Tables 1-2 show the distribution of the results of six sets of simulations with zero magnetic torque. One can see that the final regimes for any of the three orbits are either gravitational stabilization (including tumbling) or the eddy-current rotation regime.
Tables 3-5 provide the information on the numbers of cases that results in each type of different final regimes in the SSO simulations. Rows are sorted in descending order of residual magnetic moment to magnetic tensor compo- nents ratio. Columns are labeled by the indices of magnetic moment vectors (6) and sorted by the angle that the residual magnetic dipole moment makes with the greatest moment of inertia axis (the secondary criterion being the angle it makes with the the smallest moment of inertia axis). Hereby in accordance with the previous description of the chaotic final regime, the number of chaotic cases in Table 3 decreases from top to bottom and from left to right. The total number of simulations in Tables 3-5 is 1600 (16 combinations of µ and S, 100 initial conditions for each combination). One can see from the data that 499 cases out of 1600 end up with the chaotic final regime, 303 out of 1600 arrive at the eddy-current rotation (resonance 9:5), and the remaining 793 come to the magnetic rotation (including 1 case of magnetic tumbling). There are 5 more outcomes for SSO simulations that are not listed in the tables with statistics -3 gravitational stabilization regimes and two resonances (8:5 and 19:10). We omit here the statistics for simulations with non-zero magnetic moment value in the polar and prograde orbits, because it is essentially the same. Comparing these data with that from Tables 1-2, we may notice that out of 600 simulations with the absence of the residual magnetic moment 187 cases rested in the gravitational stabilization mode (including 32 cases of the gravitational tumbling), whereas the other 413 came to the eddy-current rotation. It emphasizes the fact that the large (although realistic) value of the residual magnetic moment substantially changes the evolution of a debris satellite rotational motion.
Perspectives of observational verification of predicted effects
The current state of the art in space debris attitude motion determination is described by Šilha et al. (2017) . Different tools are used for observations of real objects in LEO: optical telescopes, laser rangefinders, radars, etc. But in most cases everything is limited to optical observations (as in Yanagisawa & Kurosaki 2003; Santoni et al. 2013; Piergentili et al. 2017) . Laser and radar observations are only available for unique objects like Envisat (Kucharski et al. 2014; Sommer et al. 2017 ).
The results of systematic optical observations of a large number of objects in LEO were summarized recently by Dearborn et al. (2012) and Šilha et al. (2017) . Unfortunately, these observations are primarily focused on the rocket bodies. Šilha et al. (2017) reported that in LEO they observed 100 rocket bodies and only 15 defunct satellites. Dearborn et al. (2012) did not observe satellites at all.
Nevertheless, the need to intensify the observations of objects in LEO is recognized by all specialists. This lets us hope that in the near future the data will be made available to verify the results of our simulations. In particular, very promising results are provided by intensive observations of near-Earth objects that have been going on since 2014 using the Multi-channel Monitoring Telescope located in Nizhny Arkhyz, Russia (Beskin et al. 2017 ).
Conclusion
Using numerical simulations we conducted a study of the attitude dynamics of a "typical" defunct satellite in nearly polar orbit. Our aim was to describe the "nominal" longterm evolution of a satellite's attitude motion, i.e. the evolution in the absence of extraordinary events like, for example, fuel leakage, collisions with fragments of the space microcosm, and partial destruction. It turns out that this evolution can be subdivided into three stages: a transition to flat rotation, exponential deceleration and the stage of slow chaotic motion ending up with one of the final regimes, whose properties essentially depend on the interplay between gravity-gradient torque, magnetic torque and eddy-current torque applied to the satellite. The final regimes of defunct satellites exhibit greater diversity than the final regimes in the other class of large space debris -rocket bodies. In addition to gravitational stabilization, which is the usual end of game for rocket bodies, the final regimes of defunct satellite attitude motion include different types of slow rotations and even a chaotic tumbling. The next challenge is to discover the predicted effects in the motion of the real objects. It may be of particular interest to check if the angular momentum vector of fast rotating space debris in nearly polar orbits can indeed oscillate about the direction to the north or south celestial pole.
